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A model of an electron and a Dirac monopole interacting through an axially symmetric non-
hermitian but PT -symmetric potential is discussed in detail. The intriguing localization of the
wave-packet as a result of the anomalous breaking of the scale symmetry is shown to provide a scale
for the system. The symmetry algebra for the system, which is the conformal algebra SO(2, 1), is
discussed and is shown to belong to the enveloping algebra of the combined algebra, composed of
the Virosoro algebra, {Ln, n ∈ N} and an abelian algebra, {Pn, n ∈ N}.
PACS numbers: 03.65.-w, 03.65.Db, 02.30.Ik
I. INTRODUCTION
The massless scaler field theory [1] in (d+1)-dimensions
with interaction Lint = −gφ2(d+1)/(d−1) is known to have
conformal symmetry SO(2, 1), generated by dilation D,
the Hamiltonian itself H and generator for conformal
transformationK. This model defined by the Lagrangian
L = 12∂µφ∂µφ− gφ2(d+1)/(d−1) plays a crucial role in the
context of conformal symmetry in quantum mechanics,
when the scalar field is considered in (0 + 1)-dimension.
Since then a huge number of works [2, 3, 4, 5] have been
reported in the quantum mechanical settings, studying
conformal symmetry [6] and related issue like anomaly
[7]. The basic ingredient in almost all the cases is the in-
teraction potential of the form VI = Cr
−2 [1, 2, 6, 7, 8].
The reason for taking the potential VI can be under-
stood from the scale transformation property, D : t →
α2t,D : r → αr, of the potential compared to the ki-
netic energy term. The same scale transformation for
the potential D : VI → α−2VI as the kinetic term
D : p2/2m → α−2p2/2m makes the Lagrangian scales
as D : L → α−2L, which is sufficient to keep the ac-
tion, S =
∫
dtL, invariant, D : S → S. The invariance
of the system under scale transformation, D, has a con-
sequence on the observables like bound state eigenvalue
and phase-shift of the scattering states. Scale symme-
try implies that, the ground state of the system is not
bounded from below, i.e., Eg.s = −∞. Then the system
is not stable and therefore will collapse into the singular-
ity. It is however possible to make these systems stable
against collapse by suitable quantization. The quantiza-
tion procedure provide a scale for the system and shows
up as a lower bound to the bound state eigenvalue.
It can be noted that the scale transformation in spher-
ical co-ordinates, D : t → α2t, D : r → αr, D : θ → θ
D : φ→ φ, does not effect the angular coordinates θ and
φ. One can therefore generalize potential, still remain-
ing scale covariant, like Vθ,φ = C(θ, φ)r
−2 , where now
instead of being constat coefficient, C(θ, φ) is both func-
tion of θ and φ. Note the scale transformationD : Vθ,φ →
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α−2Vθ,φ, which is same as the previous scale covariant po-
tential VI . One can also generalize the kinetic term to in-
clude magnetic vector potential as long as it remains scale
covariant. One can easily find a magnetic vector potential
A, such that the generalized kinetic term (p+ eA)2/2m
transform the same way as p2/2m. In our present ar-
ticle, we discuss such a system, where an electrically
charged particle is moving in the background field of a
magnetic monopole. We also include an interaction po-
tential, which is axially symmetric VPT =
c1
r(r+z)+
c2
r(r−z) ,
where c1, and c2 are two complex valued constant pa-
rameters such that c1 = c
∗
2. This system is obtained
from the generalized MIC-Kepler system [9, 10], which
is the system of two dyons with the axially symmetric
potential VMIC =
c1
r(r+z) +
c2
r(r−z) − αs/r + s2/r2. We
set the Coulomb term and the extra inverse square term
zero, i.e., αs = s
2 = 0 and and generalize the two con-
stants c1 and c2 to complex numbers in VMIC . Note that
the complex potential, VPT , although makes the system
non-hermitian, it still remains PT -symmetric.
This article is organized in the following way: We dis-
cuss the model in the next section and offer a physically
realizable solution for the problem. The scale symme-
try of the classical version of the problem is discussed
in Sec. III, and it is shown that scale symmetry goes
anomalous breaking in our quantization process. The al-
gebraic property of the model is discussed in Sec. IV,
where it is shown that SO(2, 1) algebra is a subalgebra
of an enveloping algebra. Finally we conclude in Sec. V.
II. ELECTRON AND DIRAC MONOPOLE
SYSTEM IN PT -SYMMETRIC POTENTIAL
The formal Hamiltonian for an electron moving in
the background field of a Dirac monopole and inter-
acting with the potential VPT is written in the form
(~ = e = c = 2× reduced mass = 1)
H = (−i∇− sA)2 + c1
r(r + z)
+
c2
r(r − z) , (1)
where according to Dirac quantization condition s =
0,±1/2,±1,±3/2, ... The vector potential, A, due to the
2magnetic monopole field, B = r/r−3, has been taken
as A =
(
r2 − rz)−1 (y,−x, 0). Note that we drop the
inverse square term s2/(
√
2r)−2 from our model Hamil-
tonian, which was put in by hand in order to restore
the SO(4) and SO(1, 3) symmetry for the bound state
and scattering sate respectively. See Ref. [11] for detail
discussion on it. The Hamiltonian (1), defined on the
Hilbert space L2(R3, r2drdΩ) ∈ H can be separated in
radial and angular part as
H ≡ H(r)⊕ r−2Σ(θ, φ) . (2)
Note that the radial and angular Hamiltonians H(r) =
− [r−2∂r (r2∂r)− s2/2r2] and Σ(θ, φ) act over the
Hilbert spaces L2(R+, r2dr) and L2(S2,Ω) respectively,
where L2(R3, r2drdΩ) ≡ L2(R+, r2dr)⊗L2(S2, dΩ). We
now consider a similarity transformation (unitary) U(r) :
L2(R+, r2dr) ⊗ L2(S2, dΩ) → L2(R+, dr) ⊗ L2(S2, dΩ),
so that the radial Hamiltonian is obtained in a convenient
form
HU ≡ U(r)†HU(r) = −∂2r + (α− s2)/r2 , (3)
where Σ(θ, φ) has been replaced by its corresponding
eigenvalue α, obtained from Σ(θ, φ)Y (θ, φ) = αY (θ, φ).
The explicit form of the angular Hamiltonian can be
found in [9, 10, 12], but for our present purpose it is
not required. Note that the Hamiltonian (3) is a well
known operator appeared in diverse fields in theoretical
physics. It is an example of a class of operators where
both the method of self-adjoint extensions (SAE) and
re-normalization technique are successfully applied in or-
der to get physically realizable solutions. The specific
technique used depends on the value of the effective cou-
pling constant (α− s2) of the inverse square interaction.
In our case (α − s2) is always is positive. Since the re-
normalization technique is useful for coupling < −1/4 [3],
we rule out the the re-normalization technique from our
consideration because effective coupling is (α − s2) > 0.
For potential of the form VI = Cr
−2 in 1-dimension,
one can show that there is a window in the coupling con-
stant, −1/4 ≤ C < 3/4, where the problem under consid-
eration is not self-adjoint for a very simple domain and
needs a self-adjoint extensions (SAE). Our model Hamil-
tonian HU therefore deserves SAE for −1/4 ≤ (α−s2) <
3/4. The usual prescription is to define the Hamiltonian
HU over a very restricted domain
D(HU ) = {ψ(r) ∈ L2(R+, dr), ψ(0) = ψ′(0) = 0} , (4)
so that the Hamiltonian HU easily becomes symmetric,
(χ1, HUχ2) = (HUχ1, χ2) for ∀ χ1, χ2 ∈ DU . Then one
needs to go for a consistent method to get a SAE for the
Hamiltonian HU . We use the von Neumann’s method
of SAE for our purpose. It helps us to construct a self-
adjoint domain
Dω(HU ) = {D(HU ) + ψω |ψω ∈ D(H†U )} , (5)
where the explicit form of the function ψω is the linear
combination ψω = ψ++exp(iω)ψ− of the two deficiency
space solutions H†Uψ
± = ±iψ± (H†U is the adjoint of
HU ). The Hamiltonian HU is now self-adjoint over the
domain Dω(HU ).
The bound state energy and bound state eigen-
function, for 0 < ζ2−1/4 = α−s2 ≤ 3/4, are respectively
given by [5]
E(L−2, ω) = −L−2F(ω) ,
ψ(r) ≡ Kζ
(√
|E(L−2, ω)|r
)
, (6)
where Kζ is the modified bessel function, L is the length
scale which comes from self-adjoint extensions and F(ω)
is a periodic function whose explicit form can be found
by matching the limiting value of the eigenfunction (6)
with the domain Dω(HU ) at r → 0,
F(ω) = ζ
√
cos 14 (2ω + ζπ)
cos 14 (2ω − ζπ)
. (7)
Note that the periodic function F(ω) = F(ω + π) also
depends on the coupling constant ζ, besides the SAE
parameter ω. The bound state does not exist for two
extremes for the periodic function, when |F(ω = (1 −
ζ/2)π)| = 0 (this is the condition for threshold) or
|F(ω = (1 + ζ/2)π)| = ∞ (this is the condition when
the bound state collapses into singularity).
III. ANOMALOUS SYMMETRY BREAKING
We now discuss the scaling symmetry breaking in our
model. We start with the corresponding classical Hamil-
tonian
HCl = D
2
Cl + VA , (8)
where now DCl = (p − sA). The lagrangian obtained
from the Hamiltonian (8) is found to be LCl = 1/2v
2 −
A.v−VA. It can be noted that in terms of dimensions the
relation [HCl] = [LCl] = [t
−1] = [r−2] evidently makes
the action S =
∫
LCldt dimensionless. Consider the scale
transformation T : r → ̺r, t → ̺2t. The action S is
invariant under this transformation, T : S → S, which in
tern imples the existence of a conserved charge according
to the Noether theorem, known as Dilation [13, 14]
DCl =
∑ ∂LCl
∂x˙
∆x− T 00∆t ≡ HClt− (1/4) [r, pr]+ (9)
(in symmetrized form), where T 00 =
∑ ∂LCl
∂x˙ x˙− LCl. In
classical physics the transformation related to dilation
DCl, can be shown [15, 16] to be responsible for generat-
ing infinitesimal scale transformation.
In order to see whether the scale symmetry, we just
discussed, goes through unbroken even after quantization
of the classical system HCl, we have to know the possi-
ble consequence of the scale symmetry which we could
be able to identify in quantum system. It can be easily
3shown that in order the scale symmetry to be unbroken
even after quantization, the system does not have any
lower bound of the energy, which implies that there is
no bound state for the system. The proof goes as fol-
lows: Consider the eigenvalue equation Hψ(r) = Eψ(r).
The function ψ(̺r) is also an eigen-state with eigen-
value E/̺2. This shows that the eigen-state ψ(r) can
be continuously squished towards the center to collapse
to the singularity in the limit ̺ → 0; lim̺→0 ψ(̺r),
lim̺→0 E/̺
2 =∞.
In our case we showed in the previous section that
the model has single bound state with energy E(L−2, ω),
parameterized by ω. Every value of the parameter ω cor-
responds to a well defined boundary condition. The exis-
tence of a bound state indicates that the scale symmetry
is anomalously broken [17]. We pointed out in the pre-
vious section that there are two extremes: one is thresh-
old at (1 − ζ/2)π and other is at (1 + ζ/2)π where the
bound state collapses, indicating that scaling symmetry
still survives in case of two inequivalent quantizations.
IV. THE ENVELOPING ALGEBRA AND ITS
CORRESPONDING PROPERTY
The model we are discussing in this article has a radial
eigen-value equation (3) which possesses SO(2, 1) sym-
metry generated by the Hamiltonian HU , the dilation
D = iD and the conformal generator K. The explicit
forms of two of the SO(2, 1) generators, HU and D, are
known in our case so far. The explicit form of the gener-
ator K of the algebra (~ = 1) [1]
[D, HU ] = HU , [D,K] = −K, [HU ,K] = 2D , (10)
is found to be K = Ht2 − (1/2) [r, pr]+ + (1/4)r2. It has
been shown in the literature [18] that the Hamiltonian of
form HU are part of the enveloping algebra of an alge-
bra A, made up with the two sub-algebras. One is the
Virasoro algebra (with generators Lm,m ∈ Z)
[Lm, Ln] = (m− n)Lm+n , (11)
and other is an abelian algebra (with generators Pm,m ∈
Z)
[Pm, Pn] = 0 , (12)
with commutators between the elements of the two dif-
ferent sub-algebras is
[Lm, Pn] = nPn−m . (13)
Consider the representations Lm = −rm+1∂r and Pm =
1/rm. One can write down the above discussed genera-
tors of the SO(2, 1) algebra, HU , D and K in terms of
Lm and Pn for some values of m and n,
HU = (−L−1 + ϑP1)(L−1 + ϑP1) , (14)
−iD = HU t+ 1/4(L0 + L−1P−1) , (15)
K = HU t
2 + 1/2(L0 + L−1P−1)t+ (1/2)P−2 ,(16)
where ϑ = ζ + 1/2. It can be noted that the SO(2, 1)
generators are products of the elements of the algebra A
given in Eqs. (11), (12) and (13). So it does not belong
to the algebra A, however they belong to its enveloping
algebra A˜. One can think SO(2, 1) as a sub-algebra of
the enveloping algebra A˜. The commutation relation of
the Hamiltonian with the generators of the algebraA can
be written as [18]
[Ln, HU ] = −(n+ 1) [Ln−1, L−1]+ + 2ϑ(ϑ− 1)P2−n ,
[Pn, HU ] = n [L−1, P1+n]+ (17)
The commutation relation of the remaining SO(2, 1) gen-
erators with the elements of the algebra, A, can be sim-
ilarly evaluated as
[Ln,K] = [Ln, HU ] t
2 + n/2Ln +
(n+ 1)/2Ln−1P−1 − 1/2L−1P−1−n −mP−2−n , (18)
[Pn,K] = [Pn, HU ] t
2 − n/2Pn − 1/2Pn+1P−1 , (19)
[Ln,−iD] = [Ln, HU ] t+ n/42Ln +
(n+ 1)/4Ln−1P−1 − 1/4L−1P−1−n , (20)
[Pn,−iD] = [Pn, HU ] t− n/4Pn − 1/4Pn+1P−1 . (21)
Note that all the above three commutators are written
in terms of the nonlinear sums of the of elements of A.
V. CONCLUSION
In conclusion, we discussed the dynamics of an electron
in the field of a Dirac monopole and interacting with an
axially symmetric PT -symmetric potential VPT . We find
bound state solutions due to the anomalous breaking of
the scaling symmetry of the system by self-adjoint exten-
sions. We show that the so(2, 1) algebra of the system be-
long to the enveloping algebra, A˜, of an algebra,A, which
is a combination of the Virosoro algebra, {Ln, n ∈ N} and
an abelian algebra, {Pn, n ∈ N}.
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